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THE MINIMAL EXACT CROSSED PRODUCT
ALCIDES BUSS, SIEGFRIED ECHTERHOFF, AND RUFUS WILLETT
Abstract. Given a locally compact group G, we study the small-
est exact crossed-product functor pA,G, αq ÞÑ A ¸E G on the
category of G-C˚-dynamical systems. As an outcome, we show
that the smallest exact crossed-product functor is automatically
Morita compatible, and hence coincides with the functor ¸E as
introduced by Baum, Guentner, and Willett in their reformulation
of the Baum-Connes conjecture (see [2]). We show that the corre-
sponding group algebra C˚
E
pGq always coincides with the reduced
group algebra, thus showing that the new formulation of the Baum-
Connes conjecture coincides with the classical one in the case of
trivial coefficients.
Erratum: After publication of this manuscript, some gaps have un-
fortunately been found affecting some parts of the paper. We therefore
included an appendix with an erratum at the end of this paper explaining
the mistakes and keeping the original published version unchanged.
1. Introduction
The construction of crossed products pA,G, αq ÞÑ A ¸α G provides
a major source of examples in C˚-algebra theory and plays an im-
portant rôle in many applications of C˚-algebras in other fields of
mathematics, such as group representation theory and topology. Clas-
sically, there were two crossed products attached to a given action
α : GÑ AutpAq of a locally compact group G on a C˚-algebra A: the
maximal crossed product A ¸α,max G, which is universal for covariant
representations pπ, uq of the underlying dynamical system pA,G, αq,
and the reduced crossed product A¸α,rG, which can be defined as the
image of A ¸α,max G under the regular covariant representation of the
system. Both crossed products are completions of the algebraic crossed
product A¸algG “ CcpG,Aq by C
˚-norms }¨}max and }¨}r, respectively
and the fact that the identity map on CcpG,Aq induces a quotient from
A¸max G onto A¸r G means that }f}max ě }f}r for all f P CcpG,Aq.
More recently, the study of exotic crossed-product functors pA,G, αq Ñ
A¸α,µG came into the focus of research. Here A¸α,µG is a completion
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of CcpG,Aq with respect to a C
˚-norm } ¨ }µ satisfying
}f}max ě }f}µ ě }f}r
for all f P CcpG,Aq. The identity on CcpG,Aq then induces surjective
˚-homomorphisms
A ¸max G։ A¸µ G։ A¸r G
for every G-algebra A.
The interest in exotic crossed products is motivated in a good part
by the failure of the classical Baum-Connes conjecture, which predicted
that a certain assembly map
(1) asr : Ktop˚ pG;Aq Ñ K˚pA¸r Gq
for the K-theory of the reduced crossed product should always be an
isomorphism. However, it was shown by Higson, Lafforgue, and Skan-
dalis in [15] that the conjecture fails for certain groups discovered by
Gromov [14] (see [18] for a concrete construction). This failure is due to
the fact that these groups are not exact in the sense that the sequence
of reduced crossed products
(2) 0 // I ¸r G // A ¸r G // pA{Iq ¸r G // 0
for a G-invariant ideal I of A may fail to be exact in general, even
in a way that is detectable by K-theory. This led to the idea that
one should replace the reduced crossed product by the smallest exact
crossed-product functor which is compatible with Morita equivalences
(at least in some weak sense – see Section 4 below for the precise defi-
nition). Indeed, it has been shown in [2] that for every locally compact
group G a smallest exact Morita compatible functor A ÞÑ A ¸E G al-
ways exists; moreover, if we replace the reduced crossed product by
A¸E G in (1) getting a new assembly map
(3) asE : Ktop˚ pG;Aq Ñ K˚pA¸E Gq,
then the known counterexamples for the Baum-Connes conjecture dis-
appear, some counterexamples become confirming examples, and the
known confirming examples remain as such. Note that for exact groups,
i.e., groups for which (2) is always exact, we have A¸EG “ A¸rG, and
hence the new conjecture coincides with the old one for those groups.
The smallest exact Morita compatible crossed-product functor ¸E
has been studied further in [8,9], where it has been shown (among other
things), that for second countable G, its restriction to the category of
separable G-C˚-algebras enjoys other good functorial properties: It is
functorial for G-equivariant correspondences and it allows a descent
in equivariant KK-theory. On the other hand, in many respects our
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understanding of the functor ¸E has been very limited. Important
questions are (among others):
Q1. What is the group algebra C˚E pGq :“ C ¸E G? Do we always
have C˚E pGq “ C
˚
r pGq, the reduced group algebra?
Q2. Is the smallest exact Morita compatible crossed-product functor
¸E identical to the smallest exact crossed-product functor?
Q3. Can we give concrete descriptions or constructions of the func-
tor ¸E?
Q4. How can we relate the smallest exact Morita compatible functor
¸EG for a groupG to the same functor ¸EH for a closed subgroup
H of G?
Note that a positive answer to Question Q1 would imply that the new
Baum-Connes conjecture coincides with the classical one in the case
of the trivial coefficient algebra A “ C, which would fit with the fact
that so far there are no known counterexamples for the classical Baum-
Connes conjecture in this case.
In this paper we will give positive answers to Questions Q1 and
Q2 and give at least partial answers to Questions Q3 and Q4. Given
any fixed crossed-product functor ¸µ for a group G (which will be the
reduced crossed-product functor in our main applications), we start
in Section 2 with the construction of a crossed-product functor ¸Epµq
which is the smallest half-exact crossed-product functor (i.e., the ana-
logue of sequence (3.8) is exact at the middle term) that dominates
¸µ in the sense that }f}Epµq ě }f}µ for all f P CcpG,Aq. We show
(see Proposition 2.6) that the corresponding group algebra C˚
EpµqpGq “
C ¸Epµq G always coincides with the group algebra C
˚
µpGq :“ C ¸µ G.
In particular, C˚
EprqpGq “ C
˚
r pGq.
In Section 3, building on ideas developed around Archbold’s and
Batty’s property C (see [1] and the treatment of this property in [7,
Chapter 9]) and work of Matsumura [17], we prove
Theorem 1.1 (see Theorem 3.5). Let ¸µ be a crossed-product functor
for the locally compact group G. Then the following are equivalent:
(1) ¸µ is half-exact;
(2) for every G-algebra A there is a canonical ˚-homomorphism
A˚˚c ¸µ GÑ pA¸µ Gq
˚˚
where A˚˚c denotes the G-continuous part of the double dual A
˚˚
of A;
(3) ¸µ is exact.
This theorem not only gives a new characterization of exact groups
(when applied to the reduced crossed-product functor), it also shows
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that the functor ¸Eprq of Section 2 is indeed the smallest exact exotic
crossed-product functor. In Section 4 we then show that ¸Eprq is Morita
compatible, which gives a positive answer to Question Q2 (i.e., ¸Eprq “
¸E), and, since C
˚
E pGq “ C
˚
EprqpGq “ C
˚
r pGq, also to Question Q1.
In Section 5 we study certain equivariant lifting properties for G-
algebras, which give rise to more concrete descriptions of the smallest
exact functor ¸E . In particular, we say that aG-algebra C has the weak
equivariant lifting property (WELP), if for any diagram of equivariant
maps of the form
B
π

C
σ //
rσ ==④④
④
④
④
B{J
with σ a ˚-homomorphism and π a quotient map, the dashed arrow can
always be filled in with a G-equivariant ccp map σ˜. If G is discrete, it
is not difficult to see that for any G-algebra A, there always exists a
short exact sequence 0Ñ I Ñ C
π
Ñ AÑ 0 with C satisfying (WELP),
and it then follows that
A¸E G “
C ¸r G
I ¸r G
.
If G is discrete and A is unital, then C can always be chosen to be the
maximal group algebra C˚pFNˆGq of a free group generated by a set
N ˆG with G-action induced by the translation action on the second
factor on the generating set N ˆ G. It follows in particular that for
all G-algebras satisfying (WELP) we have C ¸E G “ C ¸r G. These
include all equivariantly projective G-algebras C as defined in [19].
Finally, in Section 6 we show that for an open subgroup H of G, the
minimal exact functor ¸EH is always the restriction (see Section 6 for
the definition) of the minimal exact functor ¸EG for G. This implies in
particular, that validity of the reformulated Baum-Connes conjecture
for a locally compact group G passes to all open subgroups of G. Note
that an analogue of this result for closed normal subgroups of G has
been obtained in [8].
Conventions: The phrase G-algebra will always mean a C˚-algebra
equipped with a continuous action by ˚-automorphisms of a locally
compact group G. If A is a C˚-algebra equipped with a not-necessarily-
continuous action
α : GÑ AutpAq
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of a locally compact group G, then the continuous part of A is defined
to be
Ac :“ ta P A | g ÞÑ αgpaq is norm continuousu,
and is a G-algebra with the restricted action. For a locally compact
group G and a G-algebra A, CcpG,Aq denotes the collection of all
compactly supported continuous functions from G to A, equipped with
the usual ˚-algebra operations. The reduced and maximal completions
of CcpG,Aq will be denoted A ¸r G and A ¸max G. A general crossed
product functor as in [8, Definition 3.2] will be denoted ¸µ, and the
associated completion of CcpG,Aq by A ¸µ G. For most of the paper,
there should be no ambiguity about which particular action a given C˚-
algebra is equipped with; as such, we will not label crossed products
with the name of the action unless it seems necessary to avoid confusion.
Finally, if g P G, then we denote the canonical associated unitary in
the multiplier algebra MpA¸µ Gq of a crossed product by δg.
Acknowledgments: This work was prompted by a suggestion of
Narutaka Ozawa to consider norms induced by quotient maps from
G-algebras of the form C˚pFNˆGq as discussed above. We are very
grateful to Professor Ozawa for this initial suggestion. The authors
would also like to thank Erik Guentner and Hannes Thiel for useful
conversations on some of the issues in this paper.
Most of the work on this paper was carried out during a visit of
the first and third authors to the second author at the Westfälische
Wilhelms-Universität Münster; these authors would like to thank the
second author, and that institution, for their hospitality.
The authors were supported by Deutsche Forschungsgemeinschaft
(SFB 878, Groups, Geometry & Actions), by CNPq/CAPES – Brazil,
and by the US NSF (DMS 1401126 and DMS 1564281).
2. Half exact crossed products
Throughout this section, G denotes a locally compact group, and ¸µ
a fixed crossed-product functor for G as in [8, Definition 3.2]. At this
point, we do not assume that ¸µ has any other properties beyond those
in this basic definition; however we will need to specialize to crossed
product functors satisfying more stringent conditions later, and will
make clear when this comes up. Our goal is to define a new crossed-
product functor ¸Epµq, which should be thought of as the ‘best exact
approximation to ¸µ’, and indeed in Section 3 we will prove that it
is the smallest exact crossed product that is larger than ¸µ. We will
spend most of this section proving some basic properties of ¸Epµq.
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The reader unfamiliar with exotic crossed products is encouraged
to just assume that ¸µ “ ¸r throughout, which is certainly the most
important special case. Nonetheless, it seemed worthwhile to work
in general as this causes no extra difficulties, and as it clarifies the
‘formal’ nature of the constructions and proofs; by ‘formal’ we mean
that they rely on general C˚-algebra theory and functorial properties
of ¸µ, and have nothing to do with the specific construction underlying
the definition of ¸r.
We first need some ancillary notation.
Definition 2.1. Let B Ď A be an equivariant inclusion of C˚-algebras.
Then B ¸µ,A G denotes the completion of CcpG,Bq for the norm it
inherits as a subalgebra of A¸µ G.
Here is the main definition of this section.
Definition 2.2. Let A be a G-algebra, and let
0 // I // C
π // A // 0
be an equivariant short exact sequence. Then we get a short exact
sequence
0 // I ¸µ,C G // C ¸µ G //
C¸µG
I¸µ,CG
// 0 .
This gives rise to a (dense) ˚-algebra inclusion
CcpG,Aq ãÑ
C ¸µ G
I ¸µ,C G
.
The π-norm1 on CcpG,Aq, denoted } ¨ }π, is the norm induced by the
above inclusion, and the corresponding completion is denoted A¸π G.
The Epµq-norm on CcpG,Aq is defined by
}a}Epµq :“ supt}a}π | π : C Ñ A an equivariant surjectionu
and the corresponding completion of CcpG,Aq is denoted A¸Epµq G.
Note that the supremum defining the Epµq-norm is over a non-empty
set: indeed, it contains the π-norm associated to the identity function
π : AÑ A. Moreover, the supremum is finite as if we have an equivari-
ant short exact sequence
0 // I // C
π // A // 0
1Of course, the pi-norm also depends on the fixed crossed product ¸µ, but the
‘parent’ crossed product should always be clear from context, so we do not include
it in the notation.
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then exactness of the maximal crossed product gives rise to a quotient
map
A¸max G “
C ¸max G
I ¸max G
Ñ
C ¸µ G
I ¸µ,C G
,
whence }a}π ď }a}max for all a P CcpG,Aq. On the other hand, functo-
riality of ¸µ gives rise to a quotient map
C ¸µ G
I ¸µ,C G
Ñ A¸µ G
so that }a}µ ď }a}π for all a P CcpG,Aq. Moreover, every crossed-
product norm is assumed to satisfy }a}r ď }a}µ, where } ¨ }r denotes
the reduced norm. Hence we get the inequalities
(4) }a}r ď }a}µ ď }a}Epµq ď }a}max for all a P CcpG,Aq.
Proposition 2.3. Let φ : AÑ B be an equivariant ˚-homomorphism.
Then the integrated form
φ¸G : CcpG,Aq Ñ CcpG,Bq; a ÞÑ φ ˝ a
extends (uniquely) to a ˚-homomorphism A¸EpµqGÑ B¸EpµqG. In par-
ticular, ¸Epµq is a crossed-product functor in the sense of [8, Definition
3.2].
Proof. Let
0 // I // C
π // B // 0
be an arbitrary equivariant short exact sequence. Let P “ tpc, aq P
C ‘ A | πpcq “ φpaqu be the pullback over the diagram
P
πA //
πC

A
φ

C
π // B
(the maps labeled πA and πB are the restrictions of the coordinate
projections from C ‘ A to P ). The direct sum G-action on C ‘ A
restricts to an action on P and we thus obtain a commutative diagram
of equivariant short exact sequences
0 // J

// P
πC

πA // A //
φ

0
0 // I // C
π // B // 0
,
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where the map J Ñ I, which is an isomorphism, exists by commuta-
tivity. Taking crossed products thus induces a map
P ¸µ G
J ¸µ,P G
Ñ
C ¸µ G
I ¸µ,C G
that agrees with φ ¸ G on CcpG,Aq. This implies that for all a P
CcpG,Aq we have
}φ¸Gpaq}π ď }a}πA ď }a}Epµq.
Taking the supremum over all such π now gives that }φ¸Gpaq}Epµq ď
}a}Epµq and thus that φ¸G extends as claimed. That ¸Epµq is a crossed-
product functor follows from functoriality of algebraic descent
pφ : AÑ Bq ÞÑ pφ¸G : CcpG,Aq Ñ CcpG,Bqq
and the inequality in Equation (4). 
We now show that the supremum defining the Epµq-norm is always
attained.
Proposition 2.4. Let G be a locally compact group, let ¸µ be a crossed
product for G, and let A be a G-algebra. Then there exists an equi-
variant quotient map π : C Ñ A such that }a}Epµq “ }a}π for all
a P CcpG,Aq. If A is unital, then C can be chosen to be unital as well.
Proof. Let S be a set of equivariant quotient maps πs : Cs Ñ A such
that for every a P CcpG,Aq,
}a}Epµq “ sup
sPS
}a}πs.
Define
C0 :“
!
pcsq P
ź
sPS
Cs | πspcsq “ πtpctq for all s, t P S
)
,
and let C be the continuous part of C0, i.e., for all c “ pcsqsPS P C the
map
GÑ C; g ÞÑ γgpcq :“ pγ
s
gpcsqqsPS
is continuous, where γs : G Ñ AutpCsq denotes the action of G on
Cs. For any fixed t P S let σt : C0 Ñ Ct denote the projection. We
claim that its restriction to C is surjective. For each f P CcpGq and
c “ pcsqsPS P C0, we define
f ˚ c :“ pf ˚ csqsPS with f ˚ cs :“
ż
G
fpgqγsgpcsq dg.
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We claim first that f ˚ c P C for all c P C0. To see this, it suffices to
show that if pgjq is a net converging to the identity in G, then
lim
j
sup
s
}γsgjpf ˚ csq ´ f ˚ cs} “ 0.
Note however that for any s P S, if δg denotes the Dirac mass at g,
then
}γsgjpf ˚ csq ´ f ˚ cs} “ }pδgj ˚ fq ˚ cs ´ f ˚ cs} ď }δgj ˚ f ´ f}L1pGq}cs}
ď }δgj ˚ f ´ f}L1pGq}c};
as f and c “ pcsqsPS are fixed, this tends to zero as j tends to infinity at
a rate independent of s as required. It follows that the image σtpCq Ď
Ct contains all elements of the form tf ˚ ct : f P CcpGq, ct P Ctu; hence
to show surjectivity of σt, it suffices to show that this set is dense in Ct.
To see this, let V be a neighbourhood base of e P G and for each V P V
let fV P CcpGq be a positive symmetric function with supp fV Ď V andş
G
fV pgqdg “ 1. Then fV ˚ ct converges in norm to ct for any ct P Ct,
t P S. This proves the claim.
For any fixed t P S, there is thus a surjective quotient map
C Ñ A; pcsqsPS ÞÑ πtpctq.
The definition of C Ď C0 implies that this map does not depend on the
choice of t, so we just denote it π.
We now have that C is a G-algebra equipped with an equivariant
surjection π : C Ñ A, so it remains to show that }a}Epµq “ }a}π for all
a P CcpG,Aq. For s P S, recall that σs : C Ñ Cs denotes the coordinate
projection. Then we get an equivariant commutative diagram
0 // I

// C
σs

π // A // 0
0 // Is // Cs
πs // A // 0
,
where I and Is are the kernels of π and πs, respectively. This gives rise
to a ˚-homomorphism
C ¸µ G
I ¸µ,C G
Ñ
Cs ¸µ G
Is ¸µ,Cs G
that restricts to the identity on CcpG,Aq; as this ˚-homomorphism is
contractive, this implies that }a}π ě }a}πs for all a P CcpG,Aq. As s was
arbitrary, the choice of S then gives that }a}π ě }a}Epµq. By definition
of }a}Epµq, this implies equality. Suppose now that A is unital. Let
0 // I // C
π //// A // 0 .
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be a short exact sequence such that }¨}π “ }¨}Epµq on CcpG,Aq as above.
Let rC denote the unitization of C (even if C is already unital) with
the extended G-action that necessarily fixes the unit. Let rπ : rC Ñ A
denote the unique (equivariant) unital extension of π to rC, and let J
be the kernel of rπ. Noting that I is an ideal in J with quotient C, and
taking crossed products, we get a commutative diagram
(5) 0

0

0

0 // I ¸µ,C G

// C ¸µ G //

A¸π G //

0
0 // J ¸
µ, rC G

// rC ¸µ G //

A¸rπ G //

0
0 // C¸µ G

// C¸µ G //

0 //

0
0 0 0
.
The middle column is exact since the unit inclusion σ : CÑ rC, which
is a G-homomorphism, induces a splitting homomorphism σ¸G : C¸µ
GÑ rC ¸µ G. Let now E : rC ¸µ GÑ rC ¸µ G be defined by
E :“ Id ´ pσ ¸Gq ˝ pδ ¸Gq,
where δ : rC Ñ C denotes the canonical quotient map. Then E is a
bounded linear idempotent operator with norm at most two. Note that
the definition of E only needs functoriality of ¸µ for ˚-homomorphisms.
Moreover, it is straightforward to check that E restricts to a map
CcpG, Jq Ñ CcpG, Iq, whence it takes J ¸µ, rC G onto I ¸µ,C G (it has
closed range as it is an idempotent), and acts as the identity on I¸µ, rCG.
It follows from a diagram chase that if a P J ¸
µ, rC G goes to zero under
the quotient map to C¸µG, then Epaq “ a, and thus that a P I¸µ,CG.
Hence the left hand vertical column is also exact.
To complete the proof, note that we now have that the left two
columns in diagram (5) above are exact, while the rows are all exact
by definition. It follows from a diagram chase that the map A¸π GÑ
A¸rπ G is an isomorphism, and thus that for any a P CcpG,Aq we have
}a}rπ “ }a}π “ }a}Epµq,
and we are done. 
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Remark 2.5. Note that the algebra C constructed above depends strongly
on A and we have no idea about its general structure as a C˚-algebra.
For instance, it is not clear whether we can always find a C with the
property in the proposition that is σ-unital if we assume that A is
σ-unital.
For discrete G we shall see in Section 5 below that we can get much
more concrete descriptions of algebras C and surjective morphisms π :
C Ñ A which attain the norm } ¨ }Epµq for G.
Using the above result, we can compute C¸Epµq G.
Proposition 2.6. The canonical quotient map C¸EpµqGÑ C¸µG is
an isomorphism.
Proof. Lemma 2.4 implies in particular that there is a unital G-algebra
C and a G-invariant character π : C Ñ C such that }a}Epµq “ }a}π for
all a P CcpGq “ CcpG,Cq.
Any unital equivariant surjection π : C Ñ C splits equivariantly by
the unit inclusion ˚-homomorphism C Ñ C, which implies that the
induced sequence
0 // I ¸µ,C G // C ¸µ G // C ¸µ G // 0
is exact, and thus that } ¨ }Epµq “ } ¨ }π “ } ¨ }µ on CcpGq. The result
follows. 
Our next aim is to show that Epµq is always half-exact as in the next
definition, and is in fact minimal amongst all half-exact crossed-product
functors dominating µ.
Definition 2.7. A crossed-product functor A ÞÑ A¸µG is called half-
exact if for every short exact sequence of G-algebras
0 // I // A
ρ
// B // 0
the sequence
0 // I ¸µ,A G // A¸µ G
ρ¸G
// B ¸µ G // 0
is exact, where I ¸µ,A G is as in Definition 2.1.
Remark 2.8. A half-exact functor is exact if and only if it has the ideal
property of [9, Definition 3.2]: This means that if I Ď A is a G-invariant
ideal, then the induced map I ¸µ GÑ A¸µ G is injective. The image
of this homomorphism is I¸µ,AG so that I¸µ,AG – I¸µG canonically
in this case.
Proposition 2.9. The functor ¸Epµq is half-exact.
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Proof. Fix a G-invariant ideal I in a G-algebra A and write σ : A Ñ
A{I for the quotient map. Let
0 // J // C
π // A // 0 .
be any equivariant short exact sequence such that }a}Epµq “ }a}π for all
a P CcpG,Aq, as exists by Proposition 2.4. This fits into a commutative
diagram
0

0

0

0 // J //

J //

0

// 0
0 // π´1pIq //
πI

C
σ˝π //
π

// A{I

// 0
0 // I //

A
σ //

A{I

// 0
0 0 0
with all rows and columns exact, where πI denotes the restriction of π
to π´1pIq. Taking crossed products gives a commutative diagram
0

0

0

0 // J ¸µ,C G //

J ¸µ,C G //

0

// 0
0 // pi´1pIq ¸µ,C G //

C ¸µ G //

// pA{Iq ¸σ˝π G

// 0
0 //
π´1pIq¸µ,CG
J¸µ,CG
//

A¸Epµq G //

A¸EpµqG
pπ´1pIq¸µ,CGq { pJ¸µ,CGq

// 0
0 0 0
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where the first two columns and first two rows (at least) are exact.
The canonical isomorphisms
pA{Iq ¸σ˝π G –
C ¸µ G
π´1pIq ¸µ,C G
–
pC ¸µ Gq { pJ ¸µ,C Gq
pπ´1pIq ¸µ,C Gq { pJ ¸µ,C Gq
–
A¸Epµq G
pπ´1pIq ¸µ,C Gq { pJ ¸µ,C Gq
identify the bottom right term with A ¸σ˝π G, and a diagram chase
shows that the map
π´1pIq ¸µ,C G
J ¸µ,C G
Ñ A¸Epµq G
is injective. Thus in fact all the rows and columns in the above diagram
are exact.
Now, it follows that
π´1pIq¸µ,CG
J¸µ,CG
identifies with the completion I¸Epµq,A
G of CcpG, Iq inside A ¸Epµq G, and that we have a canonical identifi-
cation
A ¸Epµq G
I ¸Epµq,A G
“ pA{Iq ¸σ˝π G.
From this, we see that for any a P CcpG,A{Iq,
}a}pA¸EpµqGq { pI¸Epµq,AGq “ }a}pA{Iq¸σ˝πG ď }a}Epµq,
where the right hand inequality follows from the definition of the Epµq-
norm on CcpG,A{Iq.
To see the opposite inequality observe that the fact that ¸Epµq is a
functor gives a quotient map
A¸Epµq G
I ¸Epµq,A G
Ñ pA{Iq ¸Epµq G,
so we are done. 
Proposition 2.10. The crossed product ¸Epµq is minimal amongst all
half-exact crossed products that dominate ¸µ.
Proof. It is shown in Proposition 2.9 that ¸Epµq is half-exact, and it
dominates ¸µ by the inequalities in Equation (4).
Let ¸ν be any other half exact crossed-product functor that domi-
nates ¸µ. Let A be a G-algebra, and let
0 // J // C
π // A // 0
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be a short exact sequence of G-algebras as in Proposition 2.4. We thus
get a commutative diagram
0 // J ¸ν,C G //

C ¸ν G //

A¸ν G //
✤
✤
✤
0
0 // J ¸µ,C G // C ¸µ G // A¸Epµq G // 0
of short exact sequences. As the rows are exact, the dashed arrow
can be filled in with a (necessarily surjective) ˚-homomorphism which
extends the identity on CcpG,Aq, and we are done. 
Remark 2.11. It is shown in [5, Theorem A] that a locally compact2
group G is exact if and only if the sequence
0 // C0pGq ¸r G // CubpGq ¸r G // CpBGq ¸r G // 0
is exact, where CubpGq is the C
˚-algebra of bounded left uniformly
continuous functions endowed with the left translationG-action, that is,
the continuous part of the translation G-action on CbpGq “MpC0pGqq,
and CpBGq :“ CubpGq{C0pGq is the quotient G-algebra. A simple chase
with the diagram
0 // C0pGq ¸Eprq G //

CubpGq ¸Eprq G //

CpBGq ¸Eprq G //

0
0 // C0pGq ¸r G // CubpGq ¸r G // CpBGq ¸r G // 0
together with fact that C0pGq ¸Eprq G “ C0pGq ¸r G shows that G is
exact iff CpBGq¸EprqG “ CpBGq¸r G, that is, the right vertical arrow
in the above diagram is an isomorphism. For a general crossed-product
functor ¸µ, one can follow exactly the same idea and prove part of the
analogous result: if CpBGq ¸µ G “ CpBGq ¸Epµq G, then the sequence
0 // C0pGq ¸µ G // CubpGq ¸µ G // CpBGq ¸µ G // 0
is exact. It is, however, not clear whether the exactness of a general
¸µ can be detected by this sequence alone.
2The reference given assumes that G is second countable for this result; however,
Kang Li has pointed out to us that one can use the structure theory of locally
compact groups to deduce the general case from this.
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3. The ideal property and exactness
Throughout this section, G again denotes a locally compact group,
and ¸µ a crossed product functor for G. We will mainly be interested
in the case that ¸µ “ ¸Eprq or ¸µ “ ¸r, and the reader is encouraged
to bear those two cases in mind; nonetheless, working in general is no
more difficult, and seemed more conceptual, so we do this.
Our goal is to prove a necessary and sufficient condition for ¸µ to
be exact. As a consequence we shall see that every half-exact crossed-
product functor in the sense of Definition 2.7 is exact and, in particular,
that the functor ¸Epµq as constructed in the previous section is always
exact. It follows from this and Proposition 2.10 that if ¸µ “ ¸r, then
¸Epµq is the minimal exact crossed-product functor.
The formulation and proof of our main theorem (see Theorem 3.5
below) is inspired in part by work of of Matsumura [17], which is in
turn inspired by the equivalence between property C 1 of Archbold and
Batty [1] and exactness of the minimal tensor product as discussed in
[7, Chapter 9].
We need some conventions, which are set up as follows.
Definition 3.1. Let A be a G-algebra with action α : G Ñ AutpAq.
Let ι ¸ u : A ¸µ G Ñ BpHq be a faithful and nondegenerate represen-
tation of A ¸µ G on some Hilbert space H and let A
2 :“ ιpAq2 and
pA¸µGq
2 denote the double commutants of A and A¸µG respectively
in BpHq. We write ι2 : A2 Ñ pA ¸µ Gq
2 for the canonical inclusion;
note that this is the unique normal extension of ι to A2.
Now let I be a large directed set such that every element a P A2 can
be obtained as a limit of a bounded net paiqiPI over the directed set
I in the strong* topology (for example, Kaplansky’s density theorem
implies that letting I be a neighbourhood base of 0 P BpHq for the
strong* topology would work). Then
AI :“ tpaiqiPI | paiqiPI is a strong* convergent netu Ď
ź
iPI
A
is a C˚-algebra, because multiplication and involution are strong*-
continuous on bounded subsets of BpHq. There is moreover a ˚-homomorphism
ρ : AI Ñ A2; ρ ppaiqq “ strong* lim ai P A
2,
which is surjective by the choice of I. Since pι, uq is a covariant represen-
tation it follows that for each g P G the automorphism αg of A – ιpAq
extends to A2 via the automorphism α2g :“ Adug on A
2. Moreover, for
each g P G, we get a ˚-automorphism αIg of
ś
PI A defined component-
wise by αIgppaiqq :“ pαgpaiqq, and the fact that the underlying unitary
16 ALCIDES BUSS, SIEGFRIED ECHTERHOFF, AND RUFUS WILLETT
representation u : GÑ UpHq is strong* continuous implies that αIg pre-
serves AI ; we use the same notation for the restricted ˚-automorphism
of AI . We thus get homomorphisms
(6) α2 : GÑ AutpA2q, αI : GÑ AutpAIq,
neither of which is necessarily continuous for the point-norm topolo-
gies on the right hand side. The map ρ is equivariant for these (not-
necessarily-continuous) actions by strong* continuity of u again. Fi-
nally, we denote by AIc and A
2
c the C
˚-subalgebras of AI and A2 con-
sisting of continuous elements for the actions in line (6), and note that
ρ restricts to an equivariant map
ρ : AIc Ñ A
2
c
of G-algebras.
Lemma 3.2. With notation as in Definition 3.1, the map ρ : AIc Ñ A
2
c
is surjective.
Proof. We first claim that if paiqiPI is a bounded net which converges to
a P A2 in the strong* topology, then for each compact subset K Ď H
and ǫ ą 0 there exists an i0 P I such that
@ξ P K, @i ě i0 : }pai ´ aqξ}, }pai ´ aq
˚ξ} ă ǫ.
Indeed, let ǫ ą 0 and let R :“ supi }ai}. Then there exist finitely many
vectors ξ1, . . . , ξk P H such that K Ď
Ťk
l“1Bδpξlq with δ “
ǫ
4R
. Choose
i0 P I such that for all i ě i0 and all 1 ď l ď k we have
}pai ´ aqξl}, }pai ´ aq
˚ξl} ă
ǫ
2
.
Then for all ξ P K there exists l P t1, . . . , ku such that }ξ ´ ξl} ď
ǫ
4R
and then for all i ě i0 we get
}pai ´ aqξ} ď }aipξ ´ ξlq} ` }pai ´ aqξl} ` }apξl ´ ξq} ă ǫ
and similarly }pai´aq
˚ξ} ă ǫ for all i ě i0, completing the proof of the
claim.
For a P A2c and f P CcpGq define
f ˚ a :“
ż
G
fpgqα2gpaqdg.
As in the proof of Lemma 2.4 it follows from the existence of an ap-
proximate identity for L1pGq in CcpGq that the collection
tf ˚ a | f P CcpGq, a P A
2
cu
is norm-dense in A2c . We now show that all such elements f ˚ a lie in
the image of ρ : AIc Ñ A
2
c , which will complete the proof.
THE MINIMAL EXACT CROSSED PRODUCT 17
Fix then f P CcpGq and a P A
2. Since the representation u : G Ñ
UpHq is strong* continuous, it follows that for all ξ P H the set Kξ :“
tugξ : g P supp f Y psupp fq
´1u is compact in H . Hence, given an
element paiqiPI P A
I with ai
strong*
Ñ a, then for all g P supppfq we have
}fpgqαgpaiqξ ´ fpgqα
2
gpaqξ} “ }fpgqugpai ´ aqu
˚
gξ}
ď }f}8 sup
gPsupppfq
}pai ´ aqu
˚
gξ}
and by the claim at the start of the proof, the right hand side converges
to zero, whence the left hand side converges to zero uniformly for g in
the support of f . Thus it follows that for all ξ P H we have
pf ˚ aiqξ “
ż
G
fpgqαgpaiqξdg Ñ
ż
G
fpgqα2gpaqξdg “ pf ˚ aqξ
and, similarly, pf ˚ aiq
˚ξ Ñ pf ˚ aq˚ξ. Hence ρ ppf ˚ aiqiq “ f ˚ a. Now,
as in the proof of Lemma 2.4 we see that pf ˚ aiqi is a G-continuous
element of
ś
iPI A (and hence of A
I), which completes the proof. 
Lemma 3.3. With notation as in Definition 3.1, the ˚-homomorphism
pι2 ˝ ρq ¸ u : CcpG,A
I
cq Ñ pA¸µ Gq
2
extends to a ˚-homomorphism
AIc ¸µ GÑ pA¸µ Gq
2.
Proof. It will suffice to show that if f P CcpG,A
I
cq, then
}ι2 ˝ ρ ˝ f}pA¸µGq2 ď }f}AIc¸µG.
Write f : GÑ AIc Ď
ś
iPI A as a net pfiq of functions fi : GÑ A; note
that the net pfiqi is equicontinuous, uniformly bounded, and all the fi
have support in some fixed compact subset of G. Computing, we get
}ι2 ˝ ρ ˝ f}pA¸µGq2 “
››› ż
G
strong*- lim
i
fipgqugdg
›››
BpHq
.
Write
(7) f8pgq “ strong*- lim
i
fipgq,
so f8 : G Ñ A
2
c is a (norm) continuous and compactly supported
function. We first claim thatż
G
strong*- lim
i
fipgqugdg “ strong*- lim
i
ż
G
fipgqugdg.
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Fix ǫ ą 0. Using uniform boundedness, uniform compact support, and
equicontinuity of the net pfiq, there is a finite subset tg1, ..., gNu of G
and scalars tt1, ..., tNu such that›››››
ż
G
fipgqugdg ´
Nÿ
k“1
tkfipgkqugk
››››› ă ǫ,
for all i, and similarly for the limit function f8 P CcpG,A
2
cq as in line
(7) above we have
(8)
›››››
ż
G
f8pgqugdg ´
Nÿ
k“1
tkf8pgkqugk
››››› ă ǫ.
Hence, using that strong* limits do not increase norms,›››››strong*- limi
´ ż
G
fipgqugdg ´
Nÿ
k“1
tkfipgkqugk
¯››››› ď ǫ,
and so using that strong* limits commute with finite linear combina-
tions ›››››strong*- limi
ż
G
fipgqugdg ´
Nÿ
k“1
tkf8pgkqugk
››››› ď ǫ.
Combining this with the inequality in line (8), we get that››››
ż
G
f8pgqugdg ´ strong*- lim
i
ż
G
fipgqugdg
›››› ă 2ǫ ;
as ǫ was arbitrary, this completes the proof of the claim.
Now, using the claim,
}ι2 ˝ ρ ˝ f}pA¸µGq2 “
›››strong*- lim
i
ż
G
fipgqugdg
›››
BpHq
ď sup
i
››› ż
G
fipgqugdg
›››
BpHq
,(9)
where the inequality follows again as strong* limits do not increase
norms. On the other hand, the evaluations evi : A
I
c Ñ A induce norm-
decreasing ˚-homomorphisms evi¸G : A
I
c ¸µ GÑ A¸µ G for all i P I,
and therefore
(10) }f}AIc¸µG ě sup
i
}fi}A¸µG “
››››
ˆż
G
fipgqugdg
˙››››ś
iPI BpHq
,
where the equality follows as the representation of A ¸µ G into BpHq
is faithful. The norm on the right in line (9) is the norm of the net
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G
fipgqugdg
˘
iPI
in the product
ś
iPI BpHq, whence combining line (9)
with line (10) gives that
}ι ˝ ρ ˝ f}pA¸µGq2 ď
›››ˆż
G
fipgqugdg
˙›››ś
i BpHq
ď }f}AIc¸µG
as desired. 
Lemma 3.4. Suppose that ¸µ is a half-exact crossed-product functor
in the sense of Definition 2.7. Then with notation as in Definition 3.1,
the ˚-homomorphism
ι2 ¸ u : CcpG,A
2
cq Ñ pA ¸µ Gq
2
extends to a ˚-homomorphism
A2c ¸µ GÑ pA¸µ Gq
2.
Proof. Write J for the kernel of the ˚-homomorphism ρ : AIc Ñ A
2
c .
Lemma 3.2 says that ρ is surjective, so we have a short exact sequence
0 // J // AIc
ρ
// A2c
// 0 .
Note that the ˚-homomorphism AIc ¸µ G Ñ pA ¸µ Gq
2 of Lemma 3.3
contains CcpG, Jq in its kernel, and so in the notation of Definition 2.1
it induces a ˚-homomorphism
AIc ¸µ G
J ¸µ,AIc G
Ñ pA¸µ Gq
2.
Since ¸µ is half-exact, this translates to a ˚-homomorphism
pAIc{Jq ¸µ GÑ pA¸µ Gq
2
and using the canonical isomorphism AIc{J “ A
2
c this gives the desired
homomorphism
A2c ¸µ GÑ pA¸µ Gq
2,
so we are done. 
Look now at the special case of Definition 3.1 where ι¸u : A¸µGÑ
BpHq is the universal representation of A¸µG. Then pA¸µGq
2 is the
enveloping von Neumann algebra of A ¸µ G, which identifies with the
double dual pA¸µ Gq
˚˚.
Let ι˚˚ : A˚˚ Ñ pA ¸µ Gq
˚˚ denote the normal extension of the
representation ι : A Ñ pA ¸µ Gq
˚˚ Ď BpHq, and abusing notation,
use ι˚˚ also for the restriction of this map to the continuous part A˚˚c .
Then pι˚˚, uq is a covariant representation of the C˚-dynamical system
pA˚˚c , Gq into pA¸µGq
˚˚ and therefore integrates to a ˚-homomorphism
(11) ι˚˚ ¸ u : CcpG,A
˚˚
c q Ñ pA¸µ Gq
˚˚.
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Notice that the map ι˚˚ : A˚˚ Ñ pA ¸µ Gq
˚˚ is injective: indeed, if
HA is the universal representation for A, then we have a sequence of
canonical maps
A˚˚c
ι˚˚ // pA ¸µ Gq
˚˚ // pA¸r Gq
˚˚ // BpHA b L
2pGqq ,
where the last map is the normal extension of the regular representation
associated to the universal representation of A, and whose composition
is easily seen to be injective. A similar reasoning shows that the inte-
grated form (11) is injective, but we shall not use this fact. Thus ι˚˚
is a special case of the map ι2 from Definition 3.1.
Theorem 3.5. Let ¸µ be a crossed-product functor for the locally com-
pact group G. Then the following are equivalent:
(1) ¸µ is half-exact;
(2) for every G-algebra A and every faithful representation ι ¸ µ :
A ¸µ G Ñ BpHq, with notation as in Definition 3.1 we have a
˚-homomorphism
ι2 ¸ u : A2c ¸µ GÑ pA¸µ Gq
2;
(3) for every G-algebra A, the map of line (11) extends to a ˚-
homomorphism
ι˚˚ ¸ u : A˚˚c ¸µ GÑ pA ¸µ Gq
˚˚;
(4) ¸µ is exact.
Proof. The implication (1) ñ (2) follows from Lemma 3.4, and (3) is
a special case of (2).
Suppose now that (3) holds and let 0 Ñ J Ñ C Ñ A Ñ 0 be any
short exact sequence of G-algebras. We need to show that this sequence
descends to a short exact sequence
0 // J ¸µ G // C ¸µ G // A¸µ G // 0 .
It is clear that the map C ¸µ G Ñ A¸µ G is surjective. Consider the
commutative diagram
(12)
0 ÝÝÝÑ J ¸µ G ÝÝÝÑ C ¸µ G ÝÝÝÑ A¸µ G ÝÝÝÑ 0§§đ §§đ §§đ
0 ÝÝÝÑ J˚˚c ¸µ G ÝÝÝÑ C
˚˚
c ¸µ G ÝÝÝÑ A
˚˚
c ¸µ G ÝÝÝÑ 0§§đ §§đ §§đ
0 ÝÝÝÑ pJ ¸µ Gq
˚˚ ÝÝÝÑ pC ¸µ Gq
˚˚ ÝÝÝÑ pA¸µ Gq
˚˚ ÝÝÝÑ 0
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where the top three vertical arrows are induced by functoriality of ¸µ,
and the bottom three vertical arrows are as in assumption (3); note
that the vertical compositions are just the canonical inclusions of each
algebra into its double dual. Since the inclusion J¸µGÑ pJ¸µGq
˚˚ is
injective (and similarly for C and A), it follows that the upper vertical
arrows are all injective. Since C˚˚c decomposes as the direct sum of the
G-algebras J˚˚c and pC{Jq
˚˚
c “ A
˚˚
c , it follows that the map J
˚˚
c ¸µGÑ
C˚˚c ¸µ G is split injective. Hence the upper left square
J ¸µ G ÝÝÝÑ C ¸µ G§§đ §§đ
J˚˚c ¸µ G ÝÝÝÑ C
˚˚
c ¸µ G
of diagram (12) implies injectivity of J ¸µ GÑ C ¸µ G.
Suppose now that x P C ¸µ G goes to 0 in A ¸µ G. Then its image
in C˚˚c ¸µG is mapped to 0 P A
˚˚
c ¸µG, and hence must lie in J
˚˚
c ¸µG
by exactness of the middle horizontal sequence. Therefore, x lies in the
intersection pJ ¸µ Gq
˚˚ X C ¸µ G inside pC ¸µ Gq
˚˚. By [7, Lemma
9.2.6] this intersection equals J ¸µ G, and we are done.
The implication (4) ñ (1) is trivial. 
Remark 3.6. Property (3) in Theorem 3.5 is a direct analogue of prop-
erty C 1 of Archbold and Batty [7, Definition 2.2]. Hence the equivalence
of (3) and (4) is an analogue for crossed-product functors of the fact
that property C 1 for a C˚-algebra B is equivalent to exactness of the
functor A ÞÑ A b B (that is, the exactness of B); see [7, Proposition
9.2.7] for a proof of this. The proof of Theorem 3.5 above is (indirectly)
inspired by the proof of the cited proposition. We were directly inspired
by work of Matsumura [17], who proved (4) implies (3) for the special
case when G is discrete and ¸µ is the reduced crossed product.
Remark 3.7. Inspection of the proof of Theorem 3.5 shows that if the
map ι˚˚ ¸ u : A˚˚c ¸r G Ñ pA ¸r Gq
˚˚ exists, then any short exact
sequence of the form 0 Ñ I Ñ A Ñ B Ñ 0 descends to a short exact
sequence
0 // I ¸r G // A¸r G // B ¸r G // 0 ,
or in other words, that A is an exact G-algebra in the sense of [20,
Definition 1.2]. In particular, if A “ CubpGq, then using Remark 2.11,
existence of the map ι˚˚ ¸ u : CubpGq
˚˚
c ¸r G Ñ pCubpGq ¸r Gq
˚˚ is
equivalent to exactness of G.
As an immediate corollary of this discussion and Theorem 3.5, we
get the following characterization of exact groups.
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Corollary 3.8. Let G be a locally compact group. Then the following
are equivalent:
(1) for every G-algebra A and every faithful representation ι ¸ µ :
A ¸r G Ñ BpHq, with notation as in Definition 3.1 we have a
˚-homomorphism
ι2 ¸ u : A2c ¸r GÑ pA¸r Gq
2;
(2) for every G-algebra A, the map of line (11) extends to a ˚-
homomorphism
ι˚˚ ¸ u : A˚˚c ¸r GÑ pA ¸r Gq
˚˚;
(3) for the G-algebra A “ CubpGq, the map of line (11) extends to
a ˚-homomorphism
ι˚˚ ¸ u : CubpGq
˚˚
c ¸r GÑ pCubpGq ¸r Gq
˚˚;
(4) G is exact. 
Finally, we have the following immediate corollary of Theorem 3.5,
Proposition 2.9, and Proposition 2.10.
Corollary 3.9. For a given crossed product ¸µ, ¸Epµq is the minimal
exact crossed-product functor that dominates ¸µ. In particular, ¸Eprq
is the minimal exact crossed-product functor among all crossed-product
functors for G. 
4. Morita compatibility
Throughout this section, G denotes a locally compact group, and
¸µ a crossed product functor. As before, the reader is encouraged to
assume that ¸µ “ ¸r, which is the most important special case, but
the general case causes no extra difficulties.
Our goal is to show that Morita compatibility as defined in [2, Defi-
nition 3.3] (see also Definition 4.1 below) passes from ¸µ to ¸Epµq, as
long as the input ¸µ has the ideal property. In particular, ¸Eprq is
Morita compatible. From this, it follows readily that ¸Eprq agrees with
the minimal exact Morita compatible functor ¸E of [2, Theorem 3.13]
on the category of all G-algebras, and, if G is second countable, with
the minimal exact correspondence functor ¸ECorr of [9, Corollary 8.8]
on the category of separable G-algebras ([9, Corollary 8.13]).
To state the definition of Morita compatibility, we need some nota-
tion. Let H be a Hilbert space equipped with a G-action u, and let
Adu denote the induced action by conjugation on the compact oper-
ators K “ KpHq. Let A be a G-algebra, and equip A b K with the
tensor product action. Consider the ˚-homomorphism defined on the
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level of pre-completed crossed products and algebraic tensor products
by the formula
Ψalg : CcpG,Aq dK Ñ CcpG,AbKq, Ψpab kqpgq :“ apgq b ku
˚
g .
Completing to the maximal crossed products and spatial tensor prod-
uct, we get a ˚-homomorphism
(13) Ψmax : pA¸max Gq bK Ñ pAbKq ¸max G.
which is well-known to be a ˚-isomorphism. An explicit inverse to Ψmax
is constructed as follows. Consider the ˚-homomorphism
π : AbK Ñ MppA¸max Gq bKq; ab k ÞÑ ιpaq b k,
where ι : A Ñ MpA ¸max Gq denotes the canonical inclusion, and the
unitary representation
v : GÑ MppA¸max Gq bKq; g ÞÑ δg b ug.
Then the pair pπ, vq is readily checked to be covariant. The integrated
form gives a ˚-homomorphism
(14) Φmax : pAbKq ¸max GÑ pA ¸max Gq bK,
which one can check is the inverse to Ψmax.
Now, let ¸µ be an arbitrary crossed-product functor. Then postcom-
posing Φmax and Ψmax with the canonical quotient maps from maximal
to µ-crossed products gives ˚-homomorphisms
Ψmax,µ : pA¸max Gq bK Ñ pAbKq ¸µ G
Φmax,µ : pAbKq ¸max GÑ pA¸µ Gq bK.
(15)
Definition 4.1. Let ¸µ be a crossed-product functor, and let H be a
Hilbert space equipped with a G-action u. The functor ¸µ is u-Morita
compatible if for any G-algebra A the ˚-homomorphism
Ψmax,µ : pA ¸max Gq bK Ñ pAbKq ¸µ G.
from line (15) above descends to a ˚-isomorphism
Ψµ : pA¸µ Gq bK Ñ pAbKq ¸µ G
Following [2, Definition 3.3], ¸µ is Morita compatible if it is u-Morita
compatible with u the tensor product of the left regular and trivial
representations on L2pGq b ℓ2pNq.
Note that the maximal and reduced crossed products are u-Morita
compatible for any u.
Remark 4.2. One can separate checking u-Morita compatibility into
two questions as follows.
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(i) Does Ψmax,µ descend to a ˚-homomorphism
Ψµ : pA¸µ Gq bK Ñ pAbKq ¸µ G ?
(ii) Does Φmax,µ descend to a ˚-homomorphism
Φµ : pAbKq ¸µ GÑ pA¸µ Gq bK ?
The crossed product ¸µ is u-Morita compatible if and only if the answer
to both of these questions is ‘yes’, and in that case the descended
˚-homomorphisms Φµ and Ψµ will automatically be mutually inverse
(as they are mutually inverse on dense subalgebras).
One can at least always answer question (i) positively in the presence
of the ideal property: recall this means that ¸µ takes an equivariant
inclusion I Ď A of an ideal to an injective map I ¸µ GÑ A ¸µ G.
Lemma 4.3. Let H be a Hilbert space equipped with a G-action u,
let A be a G-algebra, and let ¸µ be a crossed product with the ideal
property. Then the ˚-homomorphism
Ψmax,µ : pA¸max Gq bK Ñ pAbKq ¸µ G
of line (15) above descends to a ˚-homomorphism
Ψµ : pA ¸µ Gq bK Ñ pA bKq ¸µ G.
Proof. We have an equivariant ˚-homomorphism
AÑ MppAbKq ¸µ Gq; a ÞÑ a b 1
and a unitary representation
GÑ MppAbKq ¸µ Gq; g ÞÑ δg.
These form a covariant pair for pA,Gq, which integrates to a ˚-homomorphism
CcpG,Aq Ñ MppAbKq ¸µ Gq.
As ¸µ has the ideal property, [9, Lemma 3.3] implies that the integrated
form extends to a ˚-homomorphism
ΨA : A ¸µ GÑ MppAbKq ¸µ Gq.
On the other hand, we have a ˚-homomorphism
K Ñ MppA¸max Gq bKq; k ÞÑ 1b k.
Postcomposing this with the map induced on multipliers by Ψmax gives
a ˚-homomorphism
K Ñ MppAbKq ¸max Gq
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and postcomposing again with the map on multipliers induced by the
canonical quotient map pA b Kq ¸max G Ñ pA b Kq ¸µ G gives a ˚-
homomorphism
ΨK : K Ñ MppAbKq ¸µ Gq.
The images of ΨA and ΨK commute, so they combine to give a ˚-
homomorphism
ΨA dΨK : pA ¸µ Gq dK Ñ MppAbKq ¸µ Gq
on the algebraic tensor product. Checking on generators, this ˚-homomorphism
actually takes image in pAbKq¸µG, not just in the multiplier algebra.
It moreover extends to the spatial tensor product by nuclearity of K,
giving us
Ψµ : pA ¸µ Gq bK Ñ pA bKq ¸µ G,
and one checks on generators that this is exactly the desired map. 
Proposition 4.4. Fix a unitary G-representation u, and let ¸µ be a
u-Morita compatible crossed product with the ideal property. Then the
crossed product ¸Epµq is u-Morita compatible. In particular, if ¸µ has
the ideal property and is Morita compatible, then so is ¸Epµq.
Proof. Let A be a G-algebra. The crossed product ¸Epµq is exact by
Corollary 3.9, whence in particular has the ideal property. Hence
Lemma 4.3 implies that we have a ˚-homomorphism
ΨEpµq : pA ¸Epµq Gq bK Ñ pAbKq ¸Epµq G.
To complete the proof, it suffices as in Remark 4.2 to show that the
˚-homomorphism Φmax,Epµq descends to a ˚-homomorphism
ΦEpµq : pAbKq ¸Epµq GÑ pA¸Epµq Gq bK.
Let
0 // I // C
π // A // 0
be an equivariant short exact sequence such that A ¸π G “ A ¸Epµq G
(this exists by Proposition 2.4). Tensoring the above sequence by the
G-algebra K (equipped as always with the action Adu, with the tensor
products given the tensor product action) and taking crossed products
gives a short exact sequence
0 // pI bKq ¸µ G // pC bKq ¸µ G //
pCbKq¸µG
pIbKq¸µG
// 0 ;
here we have used the ideal property for ¸µ to identify the closure of
CcpG, I bKq inside pC bKq¸µG with pI bKq¸µG. The definition of
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pAbKq ¸Epµq G implies that the identity map on CcpG,Aq extends to
a (surjective) ˚-homomorphism
(16) pAbKq ¸Epµq GÑ
pC bKq ¸µ G
pI bKq ¸µ G
.
On the other hand, the assumption that ¸µ is u-Morita compatible
gives isomorphisms
Φµ : pCbKq¸µGÑ pC¸µGqbK and Φµ : pIbKq¸µGÑ pI¸µGqbK,
which together with exactness of the functor B ÞÑ BbK, the definition
of the π-norm, and the choice of π : C Ñ A, give rise to a map
(17)
pC bKq ¸µ G
pI bKq ¸µ G
Ñ
´C ¸µ G
I ¸µ G
¯
bK “ pA¸π Gq bK “ pA¸Epµq Gq bK.
Composing the maps from lines (16) and (17) thus gives a ˚-homomorphism
pAbKq ¸Epµq GÑ pA¸Epµq Gq bK;
checking on generators, one sees that this is the desired ˚-homomorphism
ΦEpµq, so we are done. 
The next corollary is immediate from [9, Proposition 8.10].
Corollary 4.5. Suppose that ¸µ is a Morita compatible crossed product
functor with the ideal property. Then the restriction of ¸Epµq to the
category of σ-unital G-algebras is strongly Morita compatible in the
sense of [9, Definition 4.7]. 
The following corollary is immediate from Proposition 4.4 and Corol-
lary 3.9 above.
Corollary 4.6. The crossed product ¸Eprq is the same as the minimal
exact Morita compatible functor ¸E of [2, Theorem 3.13]. 
The following corollary is immediate from Corollary 4.6 and [9, Corol-
lary 8.14].
Corollary 4.7. Let G be second countable. Then, on the category of
separable G-algebras, the crossed-product functor ¸Eprq agrees with the
minimal exact correspondence functor ¸ECorr of [9, Corollary 8.8]. 
Note that this answers [2, Questions 8.5, (iv) and (v)]. Indeed, ques-
tion (iv) asks whether C ¸E G equals C
˚
r pGq, and Proposition 2.6 and
Corollary 4.6 imply that this is always true. On the other hand, ques-
tion (v) asks whether ¸E can be a KLQ functor for non-exact G; as
a KLQ functor is uniquely determined by what it does on C and as
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¸r ‰ ¸Eprq for a non-exact group G, the answer ‘always’ to question
(iv) shows that the answer to question (v) is ‘never’.
To finish this section, we discuss which group algebras (i.e., C˚-
algebra completions of CcpGq) can appear as C¸µ G for certain types
of crossed product functors ¸µ. As discussed in [8, Section 2], every
group algebra can be viewed as the group C˚-algebra C˚EpGq associated
to a G-invariant weak*-closed G-invariant subspace E of the Fourier-
Stietjes algebra BpGq containing the Fourier algebra ApGq.
The Brown-Guentner construction [6] (see also the discussion in [8,
Section 3]) shows that any such C˚EpGq arises as the group algebra
associated to an exact crossed product ¸EBG . On the other hand, the
Kaliszewiski-Landstad-Quigg construction [16] (see also the discussion
in [8, Section 3] again) shows that if E is an ideal in BpGq, then C˚EpGq
arises as the group C˚-algebra of a functor ¸EKLQ that is u-Morita
compatible for any u, and that has the ideal property; conversely [9,
Corollary 5.7]3 shows that if C˚EpGq arises as the group algebra of any
functor with these properties, then E must be an ideal.
However, Brown-Guentner crossed products are generally not Morita
compatible, and Kaliszewiski-Landstad-Quigg crossed products are gen-
erally not exact (see the discussion in [8, Section 4]). Thus it was not
previously clear which group algebras can arise as C¸µG for a functor
that is both exact and Morita compatible; this is a natural question, as
such functors seem to behave best with respect to the Baum-Connes
assembly map.
Corollary 4.8. Let G be a locally compact group. Then a group algebra
C˚EpGq is of the form C¸µG for a functor ¸µ that is exact and u-Morita
compatible for any u if and only if E is an ideal in BpGq.
Proof. Take the Kaliszewiski-Landstad-Quigg functor ¸µ associated to
E and consider ¸Epµq. This is an exact Morita compatible crossed-
product functor by Theorems 3.5 and Proposition 4.4; and it has the
same group algebra C˚EpGq as the original functor ¸µ by Proposition 2.6.
The converse follows from [9, Corollary 5.7] again, noting that the
conditions in the statement give what is needed for the proof of that
corollary to work. 
3[9, Corollary 5.7] is written for correspondence functors, but inspection of the
proof shows that it holds in this slightly more general setting.
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5. Lifting properties and attaining norms
Throughout this section, G is a locally compact group (although we
will need to assume that G is discrete for some results), and ¸µ an
associated crossed product.
Recall from Lemma 2.4 that the Epµq-norm is always attained via a
fixed G-equivariant surjection π : C Ñ A. Our goal in this section is
to get further information about possible choices for such surjections,
at least in the case when G is discrete. The following definition, due
to Phillips, Sørensen, and Thiel [19], will be very useful here.
Definition 5.1. A G-algebra C is equivariantly projective if whenever
B is a G-algebra, J Ď B is a G-invariant ideal, and φ : C Ñ B{J is an
equivariant ˚-homomorphism, there is an equivariant ˚-homomorphismrφ : C Ñ B that lifts φ (in other words, if π : B Ñ B{J is the quotient
map, then the diagram
B
π

C
φ
//
rφ ==④④④④④④④④④
B{J
commutes).
We say that C is equivariantly projective in the unital category if it
has the above property, but with all C˚-algebras and maps appearing
above assumed unital.
Proposition 5.2. Let ¸µ be a crossed product. Let A be a G-algebra,
and let C be an equivariantly projective G-algebra equipped with an
equivariant quotient map π : C Ñ A. Then for any a P CcpG,Aq,
}a}π “ }a}Epµq.
Moreover, if A is unital, the same conclusion follows if we assume
that C is equivariantly projective in the unital category and equipped
with a unital quotient map π : C Ñ A.
Proof. We need to show that if σ : B Ñ A is any other equivariant
quotient map, then for any a P CcpG,Aq, }a}σ ď }a}π. Consider the
diagram
B
σ

C
π //
rπ >>⑥⑥
⑥
⑥
A.
Equivariant projectivity for C implies that the dashed arrow can be
filled in by an equivariant ˚-homomorphism rπ : C Ñ B. Letting I and
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J be the kernels of π and σ respectively, we get a commutative diagram
(18) 0 // I // C
π //
rπ

A // 0
0 // J // B
σ // A // 0.
Commutativity of this diagram gives that rπ restricts to a map from I
to J . Hence we get a commutative diagram
0 // I ¸µ,C G //
rπ|I¸rG

C ¸µ G //
rπ¸rG

C¸µG
I¸µ,CG
// 0
0 // J ¸µ,B G // B ¸µ G //
B¸µG
J¸µ,BG
// 0.
Commutativity implies that rπ¸rG induces a ˚-homomorphism on quo-
tients
C ¸µ G
I ¸µ,C G
Ñ
B ¸µ G
J ¸µ,B G
,
which by commutativity of the diagram in line (18) restricts to the
identity on the ˚-subalgebra CcpG,Aq of both sides. This implies that
}a}σ ď }a}π
for any a P CcpG,Aq and we are done in the general case.
The statement in the unital case follows from essentially the same
argument as by Lemma 2.4 we may assume B to be unital as well. 
As it gives some interesting examples, we will also explore a weaken-
ing of equivariant projectivity. To explain the terminology, recall (see,
e.g. [7, Definition 13.1.1]) that a C˚-algebra C has the lifting property
(LP) if whenever φ : C Ñ B{J is a contractive completely positive (ccp)
map into a quotient C˚-algebra, there exists a ccp lift ψ : C Ñ B.
Definition 5.3. A G-algebra C has the weak equivariant lifting prop-
erty (WELP) if whenever B is a G-algebra, J Ď B is a G-invariant
ideal, and φ : C Ñ B{J is an equivariant ˚-homomorphism, then there
is an equivariant ccp map rφ : C Ñ B that lifts φ (in other words, if
π : B Ñ B{J is the quotient map, then the diagram
B
π

C
φ
//
rφ ==④④④④④④④④④
B{J
commutes).
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We say that C has the unital weak equivariant lifting property (UWELP)
if it has the above property, but with all maps and C˚-algebras assumed
unital.
Remark 5.4. It would be natural to define a stronger equivariant lift-
ing property (ELP): by analogy with the LP, one would here ask for
equivariant ccp lifts of equivariant ccp maps φ as in the above, rather
than just for equivariant ˚-homomorphic φ. We do not know if any non-
trivial examples of ELP G-algebras exist for non-compact G, however.
This seems an interesting question.
Even for the trivial group the WELP is, a priori, weaker than the
ordinary LP, although both are equivalent for separable C˚-algebras
by an application of Stinespring’s dilation theorem as in the proof of
[7, Theorem 13.1.3].
The proof of the following result is the same as that of Proposition 5.2
– with equivariant ccp maps replacing equivariant ˚-homomorphisms at
appropriate points – and thus omitted.
Proposition 5.5. Let ¸µ be a crossed product which is functorial for
completely positive maps4. Let A be a G-algebra, and let C be a G-
algebra with the WELP, and equipped with an equivariant quotient map
π : C Ñ A. Then for any a P CcpG,Aq, }a}π “ }a}Epµq.
Moreover, if A is unital, the same conclusion follows if we assume
that C has the UWELP and is equipped with a unital quotient map
π : C Ñ A. 
The following corollary gives a way to compute ¸Epµq in some special
cases. Note that C is clearly equivariantly projective in the unital cat-
egory, so this gives a slightly different approach to proving Proposition
2.6.
Corollary 5.6. If ¸µ is a crossed-product functor, and if A is equivari-
antly projective, or equivariantly projective in the unital category, then
A¸µ G “ A¸Epµq G.
If ¸µ is a crossed-product functor which is functorial for completely
positive maps, and if A has either the WELP or the UWELP, then
A¸µ G “ A¸Epµq G.
Proof. In either case, Proposition 5.2 or Proposition 5.5 implies that
the Epµq-norm on CcpG,Aq equals the π-norm where π : AÑ A is the
identity map; clearly this is just the ¸µ-norm, however. 
4For example, the reduced crossed product. See [9, Theorem 4.9] for some equiv-
alent conditions.
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Having got through the above, it is maybe not clear that interesting
equivariantly projective, or even WELP, G-algebras exist. Moreover,
to get much use out of the above results, we would need to show that
for any G-algebra A there exists an equivariant surjection π : C Ñ A,
where C has the WELP. Unfortunately, we can only prove this in the
discrete case, and must leave the general locally compact case as a
question for now.
The following result is essentially a special case of [19, Proposition
2.4]; we nonetheless give a direct proof for the reader’s convenience.
Proposition 5.7. Let G be a discrete group, let X be a set, and let C
be the universal C˚-algebra generated by a set tcx,g | px, gq P X ˆ Gu
of positive contractions indexed by the set X ˆ G. Equip C with the
G-action induced by the set action
g : px, hq ÞÑ px, ghq
and universality. Then C is equivariantly projective, and admits a sur-
jective equivariant ˚-homomorphism onto any G-algebra generated by
a set of positive contractions of cardinality at most that of X.
Proof. We first show that C is equivariantly projective. Let then φ :
C Ñ B{J be an equivariant ˚-homomorphism. For each x P X, choose
a positive contraction bx P B that lifts φpcx,eq. Write β for the action of
G on B, and let rφ : C Ñ B be the ˚-homomorphism uniquely defined
by the map
cx,g ÞÑ βgpbxq
on generators. Clearly this is equivariant and lifts φ on the generators;
as it is a ˚-homomorphism it is thus equivariant and lifts φ on all of C.
Now, let A have a generating set S of positive contractions of cardi-
nality at most that of X. Write α for the action of G on A. Choose a
surjective map f : X Ñ S. Let now π : C Ñ A be the ˚-homomorphism
uniquely determined by the map
cx,g ÞÑ αgpfpxqq.
This is equivariant on generators, so everywhere, and is surjective as S
generates A. 
Another interesting example (and the one that originally inspired
this work) is as follows.
Proposition 5.8. Let G be a discrete group, let X be a set, let FXˆG
be the free group on X ˆG, and let C :“ C˚maxpFXˆGq be the maximal
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group C˚-algebra of FXˆG. Equip C with the G-action induced by the
set action
g : px, hq ÞÑ px, ghq
and universality. Then C has the UWELP, and admits a surjective uni-
tal equivariant ˚-homomorphism onto any unital G-algebra generated by
a set of unitaries of cardinality at most that of X.
Proof. The statement about the existence of a quotient map C Ñ A
follows from essentially the same construction as in the proof of Propo-
sition 5.7: we leave the details to the reader. It remains to show that
C has the UWELP, so let φ : C Ñ B{J be a unital equivariant ˚-
homomorphism. For each px, gq P X ˆ G, let ux,g be the correspond-
ing generating unitary for C, and choose a contractive lift bx P B of
φpux,eq P B{J . Now define
vx :“
ˆ
bx p1´ bxb
˚
xq
1{2
p1´ b˚xbxq
1{2 ´b˚x
˙
PM2pBq,
which is unitary. Let β denote the action on B. Universality implies
that the map defined on generators by
ux,g ÞÑ βgpvxq
extends to an equivariant ˚-homomorphism C Ñ M2pBq. The top left
corner of this ˚-homomorphism is the desired ucp equivariant lift of
φ. 
Remark 5.9. It is proved in [19, Proposition 2.4] that the Bernoulli
shift G-actions on free products of the form A “ ˚gPGB are always
G-equivariantly projective if the base C˚-algebraB is (non-equivariantly)
projective. This result contains Proposition 5.7 as a special case by
taking B – C0p0, 1s, the universal C
˚-algebra generated by a positive
contraction, which is a projective C˚-algebra. Similarly, one can show
that A “ ˚gPGB has the WELP for the Bernoulli shift G-action pro-
vided that B has the WELP for the trivial group action. An analogous
version of the UWELP holds for unital free products (i.e., amalgamated
over C), generalising Proposition 5.8. To prove these assertions one can
use Boca’s result from [3, Theorem 3.1] on free products of ccp (or ucp)
maps. Indeed, in the non-equivariant situation, this idea has already
been used by Boca to prove that certain lifting properties are preserved
by free products in [4].
6. Restriction
Suppose that H is a closed subgroup of a locally compact group
G and that ¸µ is a crossed-product functor for G. Our goal in this
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section is to study the relationship between the minimal exact crossed
products forH and G, with a view to applications to the (reformulated)
Baum-Connes conjecture.
For an H-algebra pA, αq consider the induced G-algebra
pIndGHpA, αq, Indαq in which
IndGHpA, αq :“
"
F P CbpG,Aq :
αhpF pghqq “ F pgq @g P G, h P H,
and pgH ÞÑ }F pgq}q P C0pG{Hq
*
.
The G-action on IndGHpA, αq is given by
`
IndαgpF q
˘
pkq “ F pg´1kq.
Green’s imprimitivity theorem (see [13, Theorem 17] or [12, Section
2.6]) provides a natural equivalence bimodule XpA, αq between
IndGHpA, αq ¸Indα,max G and A¸α,max H . Let
Iµ “ ker
´
IndGHpA, αq ¸max GÑ Ind
G
HpA, αq ¸µ G
¯
.
By the Rieffel correspondence between ideals in IndGHpA, αq¸maxG and
ideals in A ¸max H there is a unique ideal Iµ|H Ď A ¸max H such that
XpA, αq factors through an equivalence bimodule XµpA, αq between
IndGHpA, αq ¸µ G and the quotient
(19) A¸µ|H H :“ pA¸max Hq{Iµ|H .
The following definition is taken from [8]:
Definition 6.1. Let ¸µ be a crossed-product functor for G. Then the
assignment pA, αq ÞÑ A¸µ|H H with A¸µ|H H constructed as above is
called the restriction of ¸µ to H .
In [8, Proposition 6.6] we also observed that for a second countable
locally compact group G, the Baum-Connes assembly map
as
µ|H
pA,Hq : K
top
˚ pH,Aq Ñ K˚pA ¸µ|H Hq
is an isomorphism if and only if the assembly map
asµ
pIndGH A,Gq
: Ktop˚ pG, Ind
G
H Aq Ñ K˚pInd
G
H A ¸Indα,µ Gq
is an isomorphism. In particular, if G satisfies the analogue of the
Baum-Connes conjecture for the ¸µ-crossed product, then H satisfies
the conjecture for the ¸µ|H -crossed product. Thus, it is interesting to
study the question whether the restriction ¸EG|H of the minimal exact
crossed-product functor ¸EG for G to a closed subgroup H will always
be the minimal exact functor ¸EH for H , since this would imply that
the new conjecture of Baum, Guentner, and Willett (as explained in
the introduction) passes to closed subgroups. In [8, Theorem 7.13] we
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showed this for the case where H is normal or cocompact in G.5 Below
we shall give a proof of this fact ifH is open inG. We need the following
result, which follows by the same arguments as used in the proof of
[8, Lemma 7.6]. In what follows, we denote by iB : B Ñ MpB ¸µ Gq
and iG : GÑ MpB¸µGq the canonical embeddings into the multiplier
algebra of a crossed product B ¸µ G.
Lemma 6.2. Let H be a closed subgroup of G, and let B be a G-algebra.
Then the canonical mapping iB ¸ iG|H : B ¸max H Ñ MpB ¸max Gq
factors to a well-defined ˚-homomorphism
iEGB ¸ i
EG
G |H : B ¸EH H Ñ MpB ¸EG Gq. 
Note that if H is open in G, the above homomorphism extends the
canonical inclusion of CcpH,Bq into CcpG,Bq, and hence it takes its
image in B ¸EG G. We are now ready for
Theorem 6.3. Suppose that H is an open subgroup of the locally com-
pact group G. Then ¸EG|H “ ¸EH .
Proof. For the proof we shall use a special form of Green’s imprimitivity
theorem in case where H is open in G. For this let χeH denote the
characteristic function of the coset teHu Ď G{H , viewed as a projection
in the multiplier algebra MpIndGH Aq in the canonical way, and let p P
MpIndGH A ¸max Gq denote its image in the crossed product. Then
it is shown in [12, Proposition 2.6.8] that p is a full projection such
that ppIndGH A¸max Gqp “ A¸max H and the resulting Ind
G
H A¸max G-
A ¸max H equivalence bimodule pInd
G
H A ¸max Gqp is isomorphic to
Green’s equivalence bimoduleXpA, αq. This implies that the image of p
in MpIndGH A¸EGGq (which we also denote by p) is a full projection such
that A ¸EG|H G “ ppInd
G
H A ¸EG Gqp. It follows from [8, Theorem 6.3]
that ¸EG|H is an exact functor for H . Thus, by minimality of EH , the
identity on CcpG,Aq induces a quotient map q : A¸EG|H H Ñ A¸EH H .
We now construct an inverse for q. Indeed, by Lemma 6.2 we have a
canonical ˚-homomorphism ϕ : IndGH A ¸EH H Ñ Ind
G
H A ¸EG G which
extends the canonical inclusion of CcpH, Ind
G
H Aq into CcpG, Ind
G
H Aq.
As an H-algebra, IndGH A decomposes as a direct sum A‘ I, where we
identify A with the functions in IndGH A which live on the coset eH and
I with the functions which vanish on eH . This implies a decomposition
IndGH A ¸EH H – pA ¸EH Hq ‘ pI ¸EH Hq and it is easily verified on
5In fact, we showed this for the smallest exact correspondence functor ¸ECorr
which coincides with ¸E on the category of separable G-algebras if G is second
countable. But the same arguments as used in the proof of [8, Theorem 7.13] apply
directly to the smallest exact functors considered here.
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functions in CcpH,Aq that the homomorphism ϕ maps the summand
A¸EHH into the corner ppInd
G
H A¸EGGqp – A¸EG|HH , thus providing
an inverse for q. 
Remark 6.4. Using [8, Lemma 7.6] instead of Lemma 6.2 in the above
proof, the same arguments as used above also show that the restriction
of the minimal exact correspondence functor ¸EG
Corr
of G to an open
subgroup H of G coincides with the minimal exact correspondence
functor ¸EH
Corr
of H .
7. Some Questions
There are still many important open questions about the smallest
exact crossed-product functor ¸E . Here are some of them:
Question 7.1. Is it true that the smallest exact crossed-product func-
tor for G is automatically a correspondence functor?
Since exact functors automatically satisfy the ideal property, it fol-
lows from [9, Theorem 4.9] that being a correspondence functor is equiv-
alent to any of the following assertions:
(1) For each G-algebra A and G-equivariant projection p P MpAq,
the canonical map pAp¸E GÑ A¸E G is injective.
(2) For each G-algebra A and G-equivariant full projection p P
MpAq, the canonical map pAp ¸E GÑ A ¸E G is injective.
(3) For each (full) G-invariant hereditary subalgebra B of a G-
algebra A, the canonical map B ¸E GÑ A ¸E G is injective.
(4) ¸E is strongly Morita compatible in the sense that for any G-
equivariant Morita equivalence bimodule pX, γq between two
G-algebras A and B, the canonical CcpG,Aq-CcpG,Bq bimod-
ule CcpG,Xq completes to give an A¸E G-B ¸E G equivalence
bimodule.
(5) The functor ¸E is functorial for G-equivariant ccp maps.
Note that it is shown in Corollary 4.5 above that all this holds on the
category of σ-unital G-algebras.
Question 7.2. Is the smallest exact crossed-product functor ¸E injec-
tive?
We say that a crossed-product functor ¸µ is injective, if for every
injective G-equivariant ˚-homomorphism ϕ : A Ñ B the descent ϕ ¸µ
G : B¸µGÑ A¸µG is injective as well. The reduced crossed-product
functor ¸r is well known to be injective but lacks exactness in general.
At some early point of the project we thought we could show that
injectivity holds for ¸E , but our argument had a serious gap. We then
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thought we had an argument proving that ¸E is not injective in general,
but again found a gap in the proof. So right now, we have no clue about
the correct answer to this question. Indeed, in the moment we do not
know of any example of an exact and injective crossed-product functor
for a non-exact group.
Note that injectivity of ¸E , if true, would imply some nice properties
of this functor: It would be continuous for general inductive limits of
G-algebras, i.e., we would get plimiAiq ¸E G “ limipAi ¸E Gq for every
directed system of G-algebras pAi, ϕiqiPI . It would also imply that the
functor ¸E preserves continuous fields of C
˚-algebras in the sense that
if G acts fibrewise on the section algebra A of a continuous field of
C˚-algebras over a base space X with fibres Ax, x P X, then A ¸E G
would be the section algebra of a continuous field of C˚-algebras with
fibres Ax ¸E G.
Question 7.3. Suppose that G “ N ˆH is the product of two groups.
Can we decompose the crossed product A¸EG G “ A ¸EG pN ˆHq as
an iterated crossed product pA¸EN Nq¸EHH? Does it hold for discrete
groups N and H?
A positive answer would give the first step for proving that for general
closed normal subgroups N Ď G we could write A¸EGG as an iterated
crossed product pA¸ENq¸EG{NG{N , where in general the outer crossed
product has to be viewed as a twisted crossed product compatible with
the functor ¸EG{N for the quotient group G{N . Such a decomposition
would give a major step for a proof that the new formulation of the
Baum-Connes conjecture enjoys the same permanence properties as
were shown for the classical conjecture in [10] and [11]. We refer to
[8, Section 8] for a discussion of this problem.
Question 7.4. Let H be a closed subgroup for G. Can we always
show that the smallest exact crossed-product functor ¸EG restricts to
the minimal exact crossed-product functor ¸EH for H?
So far, we only know this if H is open in G (by Section 6) above, and
for normal and cocompact subgroups H of G (by [8, Theorem 7.13]).
A positive answer would imply that the validity of the new formulation
of the Baum-Connes conjecture for a group G would pass to all closed
subgroups of G.
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Appendix A. Erratum
Unfortunately, there are two severe gaps in the main body of this
paper. We are very grateful to Yosuke Kubota who pointed these out
to us. The first of these can be fixed under a mild additional hypothesis;
we sketch how to do this below. The second seems much more serious,
and we are currently unable to fix it.
There is also a third mistake in a side-remark that we record below;
this third error does not affect the rest of the paper at all.
The first problem appears in the proof of Proposition 2.4. The first
part of the proof of this proposition, dealing with the general case,
seems correct. The problem arises with the additional argument dealing
with the unital case. Specifically, when trying to prove exactness of
the left column of the diagram (5) on page 2051, we construct a map
E : C˜ ¸µ G Ñ C˜ ¸µ G and claim at the bottom of that page that it
maps CcpG, Jq into CcpG, Iq. As pointed out to us by Yosuke Kubota,
this is not true in general. However, under the mild extra assumption
that the crossed-product functor ¸µ satisfies the ideal property the
proof of Proposition 2.4 can be fixed; in particular, this applies when
¸µ is the reduced crossed product, which is the most important special
instance of Proposition 2.4. The ideal property means that for every
G-invariant ideal I Ď A the crossed product I¸µG injects into A¸µG.
The following lemma is due to Narutaka Ozawa and was communicated
to us by Yosuke Kubota.
Lemma A.1. Suppose that ¸µ has the ideal property. Then every
short exact sequence of G-algebras 0Ñ I Ñ AÑ CÑ 0 descends to a
short exact sequence
0Ñ I ¸µ GÑ A ¸µ GÑ C¸µ GÑ 0.
Proof. Consider the generalized homomorphism CÑMpAq;λ ÞÑ λ1MpAq.
By the ideal property, this descends to a nondegenerate morphism
C ¸µ G Ñ MpA ¸µ Gq (see [9, Lemma 3.3]) and therefore uniquely
extends to a ˚-homomorphism φ : MpC ¸µ Gq Ñ MpA ¸µ Gq which
splits the extension MpA ¸µ Gq Ñ MpC ¸µ Gq of the quotient map
q : A¸µGÑ C¸µG. Assume now that x P A¸µG is mapped to 0 in
C¸µG and let pxnqn be a sequence in CcpG,Aq which converges to x in
norm. Let peiqiPI be a bounded approximate unit for A¸µG which lies
in CcpG,Aq. Then xn,i :“
`
xn ´ q ˝ φpxnq
˘
ei is an element of CcpG,Aq
such that qpxn,iq “ 0, and hence xn,i P CcpG, Iq for all pn, iq P N ˆ I.
On the other hand we have xn,i Ñ x in norm, hence x P I ¸µG, which,
by the ideal property, coincides with the norm-closure of CcpG, Iq in
A¸µ G. 
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Now, if ¸µ satisfies the ideal property, the above lemma implies that
the two left columns of diagram (5) on p. 10 are exact. The proof of
Proposition 2.4 then follows as given. As a result of this, Proposition
2.6 should also assume the ideal property in its statement. No other
results in Sections 2 or 3 seem to be affected by this mistake. From
Section 5, the following results are affected: the parts of Proposition
5.2, Proposition 5.5, and Corollary 5.6 dealing with the unital case. All
of them hold if we assume the functor used has the ideal property. No
results from Section 6 appear to be affected.
The second, and most severe, problem in the paper comes from
Lemma 4.3, which was an important step in our proof of Proposition
4.4. Proposition 4.4 says that the smallest exact crossed-product ¸ǫpµq
which dominates a Morita compatible functor ¸µ with the ideal prop-
erty is automatically Morita compatible. We do not know if Proposition
4.4 is correct or not, but Lemma 4.3 is definitely false. The following
counterexample to Lemma 4.3 resulted from a discussion with Timo
Siebenand.
Example A.2. Following a construction of Brown and Guentner, we
construct a crossed-product functor for a group G as the completion of
CcpG,Aq by the norm
}f}µ :“ supt}π¸Upfq} : pπ, Uq covariant rep. of pA,G, αq s.t. U ă λGu,
where “ă” denotes weak containment of representations. Now, up
to unitary equivalence, every nondegenerate covariant representation
pπ, Uq of pKpL2pGqq, G,AdλGq is given as pπ, Uq “ pidKpL2pGqqb1H, λGb
V q acting on L2pGq bH for some Hilbert space H. Therefore U ă λG
by Fell’s trick. It follows that
KpL2pGqq ¸AdλG,µ G “ KpL
2pGqq ¸AdλG,max G – KpL
2pGqq b C˚maxpGq,
while KpL2pGqq b pC ¸µ Gq “ KpL
2pGqq b C˚r pGq. Since ¸µ satisfies
the ideal property, this example contradicts Lemma 4.3 whenever G is
not amenable.
A version of Lemma 4.3 could still be true under the extra assump-
tion that ¸µ is Morita compatible itself. Note that the functor ¸µ of
the above example is not. This would save Proposition 4.4 and all its
consequences. Unfortunately, so far we were not able to give a proof
of the lemma even under this extra assumption. Therefore Proposition
4.4 together with Corollaries 4.5, 4.6, 4.7, and 4.8 are still open. In par-
ticular it is still open, whether the group algebra C˚ǫM pGq “ C ¸ǫM G
40 ALCIDES BUSS, SIEGFRIED ECHTERHOFF, AND RUFUS WILLETT
for the smallest Morita compatible exact crossed-product functor ¸ǫM
coincides with the reduced group algebra C˚r pGq.
The results in Section 5 and Section 6 appear unaffected by these
problems. In particular, Theorem 6.3 holds true with ¸ǫG and ¸ǫH de-
noting either the smallest exact crossed-product functors or the small-
est exact Morita compatible exact crossed-product functors for G and
H .
We finally would like to point out a third mistake, which appears in
the paragraph before Theorem 3.5. There we claim that for a G-algebra
A the canonical map
ι˚˚ : A˚˚ Ñ pA ¸µ Gq
˚˚
is always injective, where A˚˚ denotes the double dual of A. This is
indeed true if G is discrete, but it does not hold in general. We did not
use this statement anywhere in the paper.
To see a counterexample, let G be any locally compact group act-
ing on itself by translation. Then C0pGq ¸ G – KpL
2pGqq, hence
pC0pGq ¸Gq
˚˚ “ BpL2pGqq and then ι˚˚ maps C0pGq
˚˚ onto C0pGq
2 –
L8pGq Ď BpL2pGqq, where we represented C0pGq into BpL
2pGqq via
multiplication operators. But for general locally compact groups the
map from C0pGq
˚˚ (which contains all characteristic functions χtgu of
single points g P G) to L8pGq is not injective. We should point out
that if ι˚˚ is not faithful on A˚˚, then it is also not faithful on the con-
tinuous part A˚˚c “ ta P A
˚˚ : g ÞÑ α˚˚g paq norm continuousu. Indeed,
since N :“ ker ι˚˚ is a von Neumann subalgebra of A˚˚ the unit 1N of
N clearly lies in A˚˚c .
Appendix B. The smallest exact Morita compatible
crossed product
In this section we want to show how the smallest exact Morita com-
patible crossed product ¸ǫM for a locally compact group G, which is
used in the reformulation of the Baum-Connes conjecture by Baum,
Guentner, and Willett in [2], can be constructed out of the smallest
exact crossed product as described in this paper. Indeed, starting with
any exact crossed product functor ¸µ satisfying certain additional prop-
erties, we give a construction of a corresponding Morita compatible ex-
act crossed product ¸µM which will coincide with ¸µ if this happened
to be Morita compatible already. If we then start with the smallest
exact crossed product ¸ε as constructed in this paper, we obtain the
smallest Morita compatible exact crossed product ¸εM .
THE MINIMAL EXACT CROSSED PRODUCT 41
Before we come to the construction, we first recall that for every
unitary representation u : G Ñ UpHq of G on some Hilbert space H
we obtain canonical isomorphisms
(20) Ψumax : pA¸α,max Gq bKpHq Ñ pA bKpHqq ¸αbAdu,max G
and
(21) Ψur : pA¸α,r Gq bKpHq Ñ pAbKpHqq ¸αbAdu,r G
which are both given on the level of continuous functions with compact
supports by the map
Ψualg : CcpG,Aq dK Ñ CcpG,AbKq,Ψalgpf b kqpgq “ fpgqp1b ku
˚
gq.
Definition B.1. We say that the crossed product functor ¸µ is Morita
compatible if for any unitary representation u : G Ñ UpHq the dashed
arrow in the diagram below can be filled in with a ˚-homomorphism
Ψuµ
pA¸α,max Gq bKpHq

Ψu
max // pAbKpHqq ¸αbAdu,max G

pA¸α,µ Gq bKpHq
Ψuµ
//❴❴❴❴ pAbKpHqq ¸αbAdu,µ G
(here the vertical arrows are the canonical quotients).
Now let ¸µ be any crossed-product functor for a given locally com-
pact group G and let α : G Ñ AutpAq be an action of G on the
C˚-algebra A. Let K “ KpL2pGqq and let
Ψλmax : pA ¸α,max Gq bK Ñ
`
AbK
˘
¸αbAdλ,max G
be as above, where λ : G Ñ UpL2pGqq denotes the left regular repre-
sentation of G. Let
Qµ :
`
AbK
˘
¸αbAdλ,max GÑ
`
AbK
˘
¸αbAdλ,µ G
denote the quotient map and let
jA¸G : A¸max GÑ MpA¸max GbKq; jA¸Gpxq “ xb 1
denote the canonical map. For f P CcpG,Aq we define
}f}µM :“ }Qµ ˝Ψ
λ
max ˝ jA¸Gpfq}.
The crossed product A ¸α,µM G is then defined as the completion of
CcpG,Aq with respect to } ¨ }µM . Of course, by construction, the ˚-
homomorphism
Qµ ˝Ψ ˝ jA¸G : A ¸max GÑ M
``
AbK
˘
¸αbAdλ,µ G
˘
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factors through an embedding, say
(22) ΦAµ : A¸α,µM GÑ M
``
AbK
˘
¸αbAdλ,µ G
˘
.
Let us have a slightly different look at our construction which might
help to get a better feeling for it. For this recall that any quotient C
of a tensor product DbK for some C˚-algebra D must be of the form
D{JbK. The ideal J is then given as the kernel of q˝jD : D Ñ MpCq,
where jD : D Ñ MpDbKq is the canonical inclusion and q : DbK Ñ C
denotes the quotient map.
Thus, if we consider the composition
Qµ ˝Ψ
λ
max : pA¸max Gq bK Ñ pA bKq bαbAdλ,µ G
let J :“ kerpQµ ˝ Ψq Ď pA ¸max Gq b K. It then follows from our
construction that`
pA¸max Gq bK
˘
{J – pA¸α,µM Gq bK.
and we therefore get an isomorphism
(23) pAbKq ¸αbλ,µ G – pA ¸α,µM Gq bK.
which is natural in pA, αq.
Lemma B.2. pA, αq ÞÑ A ¸α,µM G is a crossed-product functor for G
and if ¸µ is exact, then so is ¸µM .
Proof. Let Φ : pA, αq Ñ pB, βq be a G-equivariant ˚-homomorphism.
We then obtain a G-equivariant ˚-homomorphism Φ b idK : A b K Ñ
B bK which then descends to a ˚-homomorphism
pΦbKq ¸µ G : pAbKq ¸αbAdλ,µ GÑ pB bKq ¸βbAdλ,µ G.
It is then easy to check that we have a commutative diagram of ˚-
homomorphisms
A¸max G
Φ¸G
ÝÝÝÑ B ¸max G
ΦAµ
§§đ §§đΦBµ
pAbKq ¸αbAdλ,µ G ÝÝÝÝÝÝÝÑ
pΦbKq¸µG
pB bKq ¸βbAdλ,µ G
with ΦAµ ,Φ
B
µ as in (22) viewed as maps on the maximal crossed products.
It follows that every element in the kernel of ΦAµ is mapped into the
kernel of ΦBµ , and therefore the homomorphism Φ ¸ G : A ¸max G Ñ
B ¸max G factors through a ˚-homomorphism Φ ¸µM G : A ¸µM G Ñ
B ¸µM G which is given on the level of CcpG,Aq by f ÞÑ Φ ˝ f . This
proves that ¸µM is a crossed-product functor.
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Assume now that ¸µ is exact and let 0 Ñ I Ñ A Ñ A{I Ñ 0 be a
short exact sequence of G-algebras. By nuclearity of K and exactness
of ¸µ we get a short exact sequence
0Ñ pI bKq ¸µ GÑ pAbKq ¸µ GÑ pA{I bKq ¸µ GÑ 0
which by (23) translates to the short exact sequence
0Ñ pI ¸µM Gq bK Ñ pA¸µM Gq bK Ñ pA{I ¸µM Gq bK Ñ 0.
But this implies that the sequence
0Ñ I ¸µM GÑ A¸µM GÑ A{I ¸µM G
is exact as well. 
Proposition B.3. Suppose that ¸µ is a crossed-product functor which
satisfies the following conditions: For each G-algebra A and any algebra
K “ KpHq of compact operators on some Hilbert space H the map
Ψ1Halg : CcpG,Aq dK Ñ CcpG,AbKq; Ψalgpf b kqpgq “ fpgq b k
extends to an isomorphism
(24) pA ¸α,µ Gq bK – pAbKq ¸αbidK,µ G.
Then the functor ¸µM constructed above is Morita compatible.
Proof. We need to show that for any unitary representation u : G Ñ
UpHq the ˚-isomorphism
Ψumax : pA¸α,max Gq bKpHq Ñ pAbKpHqq ¸αbAdu,max G
of (20) factors through an isomorphism
ΨuµM : pA¸α,µM Gq bKpHq Ñ pAbKpHqq ¸αbAdu,µM G.
In order to see this we first recall the isomorphism
A ¸α,µM GbKpL
2pGqq – pAbKpL2pGqqq ¸αbAdλ,µ G.
which is given on the level of functions by Ψλalg. Composing this with the
isomorphism in (24) with A¸α,µG replaced by pAbKpL
2pGqqq¸αbAdλ,µ
G we obtain an isomorphism
pA¸α,µM GqbKpL
2pGqq bKpHq
–
`
A bKpL2pGqq bKpHq
˘
¸αbAdpλb1hq,µ G
(25)
which is given on the level of functions by the map
Ψλb1Halg : CcpG,Aq bKpL
2pGq bHq Ñ CcpG,AbKpL
2pGq bHqq.
Let W P UpL2pGq bHq be the unitary given by W pξqpgq “ ugξpgq for
ξ P L2pG,Hq – L2pGq bH. Then a short computation shows that
W pλg b 1HqW
˚ “ λg b ug
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for all g P G (this is known as Fell’s trick). We then get the following
commutative diagram of maps
CcpG,Aq bKpL
2pGq bHq
Ψ
λb1H
alg
ÝÝÝÝÑ C0pG,AbKpL
2pGq bHqq
idbAdW
§§đ AdW¸algG§§đ
CcpG,Aq bKpL
2pGq bHq
Ψλbu
alg
ÝÝÝÑ C0pG,AbKpL
2pGq bHqq
which combines with (25) to show that the bottom arrow extends to
an isomorphism
pA¸α,µM GqbKpL
2pGqq bKpHq
–
`
AbKpL2pGqq bKpHq
˘
¸αbAdpλbuq,µ G
(26)
Applying the flip Σ : KpL2pGqq bKpHq Ñ KpHq bKpL2pGqq together
with the isomorphism (23) applied to theG-algebra pAbKpHq, αbAduq
then gives a chain of isomorphisms
pA¸α,µM Gq bKpHq bKpL
2pGqq
idbΣ
– pA¸α,µM Gq bKpL
2pGqq bKpL2pHqq
p26q
– pAbKpL2pGqq bKpHqq ¸αbAdpλbuq,µ G
Σ¸G
– pAbKpHq bKpL2pGqqq ¸αbAdpubλq,µ G
p23q
–
`
pAbKpHqq ¸αbAdu,µM G
˘
bKpL2pGqq,
which extends the map Ψualg b idKpHq. It follows that
Ψualg : CcpG,Aq bKpHq Ñ CcpG,AbKpHqq
extends to an isomorphism
pA¸α,µM Gq bKpHq – pAbKpHqq ¸αbAdu,µM G
and the result follows. 
Lemma B.4. The smallest exact crossed-product functor ¸ǫ satisfies
condition (24) of Proposition B.3
Proof. We need to show that the map
Ψalg : CcpG,Aq dK Ñ CcpG,AbKq; Ψalgpf b kqpgq “ fpgq b k
extends to an isomorphism
Ψε : pA¸α,ǫ Gq bK
–
Ñ pAbKq ¸αbidK,ǫ G.
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The proof of Proposition 4.4 shows that the inverse
Φmax : pAbKq ¸αbidK,max GÑ pA¸α,max Gq bK
of Ψmax factors through a surjective ˚-homomorphism
Φε : pA bKq ¸αbidK,ε GÑ pA¸α,ε Gq bK.
Thus it suffices to show that Ψmax factors through a ˚-homomorphism.
But this follows from the proof of Lemma 4.3, which still holds in the
case where u “ 1H. 
Thus Proposition B.3 can be applied to the smallest exact crossed
product ¸ǫ. We then get
Corollary B.5. Let ¸ε denote the smallest exact crossed product func-
tor for the group G. Then ¸εM is the smallest exact Morita compatible
crossed product functor for G.
Proof. All that remains to be checked is that ¸εM is dominated by any
other exact Morita compatible crossed-product functor ¸µ. For this
consider the commutative diagram
CcpG,Aq bKpL
2pGqq
Ψλ
alg
ÝÝÝÑ
–
pAbKpL2pGqqq ¸αbAdλ,µ G
id
§§đ §§đqǫ
CcpG,Aq bKpL
2pGqq
Ψλ
alg
ÝÝÝÑ
–
pA bKpL2pGqqq ¸αbAdλ,ǫ G
where the right vertical arrow exists since ¸µ dominates ¸ǫ. Since Ψ
λ
alg
extends to an isomorphism
pA¸α,µ Gq bKpL
2pGqq – pAbKpL2pGqqq ¸αbAdλ,µ G
in the top line and to an isomorphism
pA¸α,ǫM Gq bKpL
2pGqq – pAbKpL2pGqqq ¸αbAdλ,ǫ G
in the bottom line of the diagram, it follows that the left vertical arrow
extends to a quotient map
qǫM b idK : pA¸α,µ Gq bKpL
2pGqq Ñ pA ¸α,ǫM Gq bKpL
2pGqq
and the result follows. 
Final discussion: If we want to show that the group algebra of the
smallest exact Morita compatible crossed-product functor ¸εM coin-
cides with the reduced group algebra C˚r pGq, we need to show that we
have a canonical isomorphism
C˚ǫ pGq bKpL
2pGqq – KpL2pGqq ¸Adλ,ε G.
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By the above results this would imply that C˚ǫM pGq “ C
˚
ǫ pGq, which by
Proposition 2.6 is equal to C˚r pGq.
More generally, if for every G-algebra pA, αq one could show that
Ψλalg extends to a ˚-homomorphism
Ψλǫ : pA¸α,ǫ Gq bKpL
2pGqq Ñ pAbKpL2pGqqq ¸αbAdλ,ǫ G
then ¸ǫ “ ¸ǫM would be Morita compatible.
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